
Chaos, Solitons and Fractals 156 (2022) 111833 

Contents lists available at ScienceDirect 

Chaos, Solitons and Fractals 

Nonlinear Science, and Nonequilibrium and Complex Phenomena 

journal homepage: www.elsevier.com/locate/chaos 

Pricing discounted American capped options 

Tsvetelin S. Zaevski 

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Bulgaria 

a r t i c l e i n f o 

Article history: 

Received 20 April 2021 

Revised 20 December 2021 

Accepted 20 January 2022 

JEL classification: 

C41 

G12 

G13 

MSC: 

35R35 

35Q91 

60G44 

91G20 

Keywords: 

American capped options 

Optimal boundary 

Optimal stopping time 

Crank-Nicolson finite difference approach 

a b s t r a c t 

The purpose of this paper is to present an efficient method for pricing discounted American capped op- 

tions. They differ from the corresponding uncapped ones by the existing trigger level for the underlying 

asset. In such a way the option’s seller is preserved from the possible large movements of the underlying 

asset. We first obtain the optimal exercise region and by the use of some hitting properties we derive 

the fair option price. We use the Crank-Nicolson finite difference approach together with a Monte Carlo 

method to implement the obtained formulas. This method applied for the pricing problem of the ordinary 

American options has its own significance. Finally, we present some numerical results. 
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. Introduction 

American style options are one of the most traded financial in- 

truments. This gives rise to the strong scientific interest to them. 

 large number of classical publications are available – we re- 

er to Brennan and Schwartz [ 1–5 ]. The increasing financial inter- 

st to the American style derivatives motivates many researchers 

o investigate additionally this area in the recent years. Nunes 

t al. [6] examine American options under the constant elastic- 

ty of variance models. The American option valuation problem in 

he fractional Black–Scholes market is considered in Chen et al. [7] . 

he Fourier transform is used in Chan [8,9] for pricing and hedg- 

ng early-exercise options under the exponential Lévy assumptions. 

ome jump diffusion models are presented in Deng [10–13] . The 

merican options under the Heston framework are examined in 

eon et al. [14,15] . A model with stochastic spreads is examined 

n Arregui et al. [16] . Some barrier options are examined in Deng 

17–19] . Michael [20] focuses on the so called early exercise pre- 

ium which is the price of the option’s holder early exercise right. 

ifferent lookback American style options are studied in Deng [21–
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3] . Some finite difference approaches for American option valua- 

ion are presented in Soleymani et al. [24–26] . Another numerical 

ethod based on a maximization of the option’s holder financial 

esults can be found in Zaevski [27] . 

To meet the financial investors’ expectations for additional pro- 

ection several instruments are listed at the markets. They preserve 

he derivative’s seller against the extremely high movements of 

he underlying asset. The so called game style options protect the 

eller’s interest giving him an early exercise right – see Kifer [28–

2] . Alternatively, other derivatives preserve the seller by adding 

 cap level limiting the price of the underlying asset at which the 

ption can be exercised. A seminal work for these options based on 

he Black–Scholes framework is Broadie and Detemple [33] . Later 

34] examines capped options under a general diffusion process. 

everal researchers use the capped style options to evaluate the 

rdinary American options – see Broadie and Detemple [35,36] . 

We add in the present article a new discount factor which in- 

uences the amount due from the option’s seller. This additional 

iscounting has two major significances. First, in such a way we 

ntroduce a time dependence in the option’s payment structure. 

his leads to a benefit for the option’s buyer to exercise earlier. 

n the other hand the option’s seller receives an additional protec- 

ion against large movements of the underlying asset in the more 

https://doi.org/10.1016/j.chaos.2022.111833
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2022.111833&domain=pdf
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istant future. The second importance is related to the financial 

odels which allow continuously payed dividends of the underly- 

ng asset. It is proven in Zaevski [30] , proposition 2.3, that after 

 parameters’ change a model with dividends can be written as a 

on-dividend model. 

Our approach for pricing caped options is based on deriving the 

ption’s holder optimal boundary. We prove two theorems for the 

all and put options. The first one says that the exercise bound- 

ry of an American capped call option is the lower between the 

ptimal boundary of the uncapped option and the cap. Analo- 

ously, the second theorem states that the optimal boundary of 

he capped put option is the larger between the cap value and 

he optimal boundary of the uncapped option. A similar result is 

btained in Broadie and Detemple [33] . We have to mention that 

e prove these two theorems using an approach based on the in- 

nitesimal generators. In such a way the theorems can be easily 

roven under more general Feller-Markov assumptions. For exam- 

le, different stochastic volatility models admit such interpretation. 

e refer to the classical [37] model, considered also in He and Lin 

38] , as well as to its extensions of Bates [39,40] which incorporate 

 jump behavior. Another jump stochastic volatility model is de- 

ned and examined in He and Lin [41] – the jumps are presented 

y a Lévy stable process. Other extensions of the Heston’s model 

re published recently in He and Chen [42,43] . The first one intro- 

uces regime switching in the volatility, whereas the second article 

ssumes that the long-term mean of the volatility is stochastic. 

Using the approach presented in Zaevski [27] we can approx- 

mate the exercise boundary of the uncapped option. Hence, we 

an obtain the early exercise boundary of the capped option using 

he mentioned above theorems. It divides the state space of the 

nderlying asset into two parts – the continuation region and the 

arly exercise region. In the first one it is optimal for the holder to 

eep the option, whereas in the second one the immediate exer- 

ise leads to a better financial result. It is well known that pricing 

f an American style derivative is closely related to a free boundary 

roblem arising from the necessity of identifying the optimal stop- 

ing moment. Since we have approximated the exercise boundary, 

e arrive to a partial differential equation (PDE, hereafter) which 

olds in a known region – namely the continuation region. The 

orm of the exercise boundary of the capped option leads to a 

semi-)closed formulas for the prices. They consist of a part re- 

ated to the first hitting moment of the underlying asset to the cap 

nd conceivably of the averaged prices of some uncapped Ameri- 

an options. In some cases the capped and uncapped options may 

oincide. We use a finite difference approach to solve the PDE for 

he uncapped American options. This method is chosen because it 

btains all prices at once which reduces the computational time 

ignificantly. Particularly, we use the version of Crank and Nicol- 

on [44] . It has some major advantages. First, it has been devel- 

ped namely for the heat style equations. Second, this method 

as a very fast convergence avoiding some possible oscillations in 

ddition. The available boundary constraints for the put options, 

hether capped or uncapped, are only at the lower and the right 

oundaries since the continuation region is open above. Usually 

he put option price is set to be zero for some large value of the

nderlying asset when a finite difference scheme is used. Unfor- 

unately, this assumption has a major disadvantage – this value 

as to be extremely large for longer maturities. To avoid this in- 

onvenience we obtain the option prices for a suitable value of 

he underlying asset using a Monte Carlo method presented in Za- 

vski [27] (the second one). This method is relatively fast and ac- 

urate. The produced prices are used for the upper boundary con- 

traint. The same modification of the finite difference approach is 

elpful for a time reduction when we consider a call option with 

 large strike or a large exercise boundary. At last but not least, 

ome numerical results are presented. We compare the capped 
2 
nd uncapped prices as well as the so called premium for cap- 

ing. It presents the price which the option’s seller pays for the 

ap feature, i.e. the difference between the prices of the Ameri- 

an uncapped and capped options. Here is the place to note an- 

ther importance of the mentioned above Crank–Nicolson numer- 

cal method. Using it we obtain jointly the prices of the capped 

nd uncapped options which significantly reduces the time con- 

umption. Also, this algorithm provides the prices for all maturities 

elow some moment and different cap values. 

The paper is structured in the following way. In Section 2 we 

resent the base we shall use later. In Sections 3 and 4 we present

he derived results for the put and call options, respectively. In 

ppendix A are given some useful proposition related to the Brow- 

ian motion’s first hitting time. 

. Preliminaries 

Let the underlying asset price be driven by a geometric Brown- 

an motion 

 t = S 0 exp 

((
r − σ 2 

2 

)
t + σB t 

)
(2.1) 

nder the filtered probability space ( �, F , F t , Q ) . The probability 

easure is assumed to be risk-neutral. We shall denote by A the 

nfinitesimal generator 

 

A f ) ( x ) = rx f ′ ( x ) + 

σ 2 

2 

f ′′ ( x ) . (2.2) 

e assume for the sake of simplicity that the risk free rate r and 

he discount rate λ are some constants such that λ ≥ 0 and r + 

> 0 . Note that we do not impose a positiveness of the risk free

ate. Let the maturity date be denoted by T , and the option’s strike 

nd the cap level be K and L , respectively. If we have a put option

hen L < K and L > K for call options. We shall use the symbols “∧ ”

nd “∨ ” for minimum and maximum, i.e. a ∧ b = min ( a, b ) and a ∨
 = max ( a, b ) . The functions which describe the payment structure 

or the discounted American capped call and put options can be 

ritten as 

 ( t, x ) = e −λt ( S t ∧ L − K ) 
+ 

 ( t, x ) = e −λt ( K − S t ∨ L ) 
+ 
, 

(2.3) 

espectively. Let us denote by T [ t,T ] , t < T , the set of all stopping

imes with values in the interval [ t, T ] . Below we define the so 

alled exercise and continuation regions. 

efinition 2.1. A point ( t, x ) belongs to the exercise region ϒ if 

or an arbitrary stopping time ζ ∈ T [ t,T ] 

 ( t, x ) ≥ E t,x 
[
e −r ( ζ−t ) N 

(
ζ , S ζ

)]
. (2.4) 

he continuation region ϒ consists of these points ( t, x ) for which 

nequality (2.4) is not true for some stopping time ζ . The boundary 

etween ϒ and ϒ is called early exercise boundary and we denote 

t by c ( t ) . 

We shall use several times the following well known proposi- 

ion known as a Dynkin’s formula. 

roposition 2.1 (Dynkin’s formula) . Let τ be a finite stopping time 

ith values not less t. Then we have the following integral represen- 

ation for the expectation E t,x [ f ( τ, S τ ) ] 

 

t,x [ f ( τ, S τ ) ] = f ( t, x ) + E t,x 
[∫ τ

t 

f t ( u, S u ) + ( A f ) ( u, S u ) du 

]
. 

(2.5) 

The following proposition gives the time structure of the option 

capped or uncapped) prices. 
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roposition 2.2. Let the price of a live option with maturity date T is 

enoted by F ( t; T ) . We have for every moment t befote the maturity 

 ( t; T ) = e −λt F ( 0 ; T − t ) . (2.6) 

roof. Let τ ∈ T [ t,T ] be the optimal strategy for a live option as- 

uming that at the moement t the underlying asset value is S t = x .

sing the Markov property, we obtain 

 ( t; T ) = E t,x 
[
e −r ( τ−t ) N ( τ, S τ ) 

]
= e −λt E 0 ,x 

[
e −r ( τ−t ) N ( τ − t, S τ−t ) 

]
= e −λt F ( 0 ; T − t ) , 

(2.7) 

hich finishes the proof. �

. Put capped options 

Let us consider a put capped option. We shall derive its opti- 

al exercise region and then we shall obtain the option pricing 

ormulas. We shall also present a finite difference approach based 

n the Crank–Nicolson procedure and we shall apply it for some 

articular parameters’ values. 

.1. Optimal region. Pricing. 

Let us denote by ϒA and c A ( t ) the exercise region and the cor- 

esponding boundary of the uncapped American option. We can 

pproximate this boundary using the approach presented in Za- 

vski [27] . If the boundary is examined w.r.t. the time to maturity, 

t is proven that the function c A ( t ) starts (proposition 3.5) from the 

alue 

 1 = min 

(
r + λ

λ
, 1 

)
K (3.1) 

nd decreases to the perpetual value (Theorem 6.2) 

 2 = 

γ

γ + 1 

K (3.2) 

or 

= 

√ (
r 

σ 2 
− 1 

2 

)2 

+ 2 

r + λ

σ 2 
+ 

(
r 

σ 2 
− 1 

2 

)
. (3.3) 

The following theorem determines the exercise boundary of the 

apped option. 

heorem 3.1. The exercise boundary of the discounted American 

apped put option is 

 ( t ) = c A ( t ) ∨ L. (3.4) 

roof. Suppose first that for some t and x > L , the point ( t, x ) ∈
A . Note that x has to be smaller than the strike, x < K. Hence, for

very stopping time ζ from the set T [ t,T ] 

 

K − x ∨ L ) ≡ ( K − x ) ≥ E t,x 
[ 

e −( r+ λ) ( ζ−t ) 
(
K − S ζ

)+ ] 
≥ E t,x 

[ 
e −( r+ λ) ( ζ−t ) 

(
K − S ζ ∨ L 

)+ ] 
. 

(3.5) 

herefore the point ( t, x ) ∈ ϒ too. The next step is to prove that 

ll points below the cap level are optimal. Suppose that for some t

nd x < L , we have that ( t, x ) ∈ ϒ . Therefore there exists a stopping

ime ζ ∈ T [ t,T ] which gives a better result for the option’s holder 

han the immediate exercise. We have S ζ < K, because in the op- 

osite case the option’s holder will receive nothing. Hence, 

 − L ≡ K − x ∨ L < E t,x 
[ 

e −( r+ λ) ( ζ−t ) 
(
K − S ζ ∨ L 

)+ ] 
= E t,x 

[
e −( r+ λ) ( ζ−t ) 

(
K − S ζ ∨ L 

)]
< E t,x 

[
e −( r+ λ) ( ζ−t ) ( K − L ) 

]
< K − L . 

(3.6) 
3 
e have used above that r + λ > 0 . The contradiction shows that 

he points below the cap level L are optimal. It remains to prove 

hat all points ( t, x ) , such that x > L ∨ c A ( t ) , are not optimal. We

hall use an approach similar to one presented in Broadie and De- 

emple [33] . 

Suppose that ( t, x ) ∈ ϒ and x > L ∨ c A ( t ) . Let us note first that

f L ≤ D 2 we have that L < c ( t ) for every t . This is true because

 2 is just c A ( ∞ ) and the optimal boundary for an American put 

ecreases w.r.t. the time to maturity. Hence, the capped option is 

rdinary American and the theorem is proven. Suppose now that 

 2 < L < D 1 . Therefore there exists an ordinary American option 

ith shorter maturity, say T < T , such that its optimal boundary is 

bove the cap level L at the moment t , L < c A ( t ) . Thus we conclude

hat the point ( t, x ) is not optimal for the new option. Something 

ore if ζ is the first hitting time to c A ( t ) if it happens before T 

nd T otherwise, then 

 − x < E t,x 
[ 

e −( r+ λ) ( ζ−t ) 
(
K − S ζ

)+ ] 
. (3.7) 

ince S ζ > L , inequality (3.7) shows that the strategy ζ gives a bet- 

er financial result for the holder of the original capped option 

han the immediate exercise and therefore the point ( t, x ) / ∈ ϒ . 

Suppose now that L ≥ D 1 . Note that this is possible only when 

 < 0 which leads to D 1 < K. Let ζ be the lower between the first

itting moment of the underlying asset to the value L and the 

aturity date T . We shall use the equality ( K − x ) + = ( K − x ) + 

 

x − K ) I x ≥K as well as Dynkin’s formula (2.5) to obtain the follow- 

ng statement. 

 

t,x 
[
e −r ( ζ−t ) N 

(
ζ , S ζ

)]
= E t,x 

[ 
e −r ( ζ−t ) e −λζ

(
K − S ζ

)+ ] 
= E t,x 

[
e −r ( ζ−t ) e −λζ

(
K − S ζ

)]
+ E t,x 

[
e −r ( ζ−t ) e −λζ

(
S ζ − K 

)
I S ζ ≥K 

]
± e −λt ( K − x ) 

= e −λt ( K − x ) + E t,x 
[
e −r ( ζ−t ) e −λζ

(
S ζ − K 

)
I S ζ ≥K 

]
+ E t,x 

[
K 

(
e −r ( ζ−t ) −λζ − e −λt 

)]
− E t,x 

[
S ζ e −r ( ζ−t ) −λζ

]
+ xe −λt 

= e −λt ( K − x ) + E t,x 
[
e −r ( ζ−t ) e −λζ

(
S ζ − K 

)
I S ζ ≥K 

]
+ E t,x 

[
K 

∫ ζ

t 

−( r + λ) e −λu −r ( u −t ) du 

]
− xe −λt 

− E t,x 
[∫ ζ

t 

−λe −r ( u −t ) −λu S u du 

]
+ xe −λt 

= e −λt ( K − x ) + E t,x 
[
e −r ( ζ−t ) e −λζ

(
S ζ − K 

)
I S ζ ≥K 

]
+ E t,x 

[∫ ζ

t 

e −r ( u −t ) −λu ( λS u − ( r + λ) K ) du 

]
> e −λt ( K − x ) . (3.8) 

he last inequality is true because (A) the first expectation is al- 

ays positive and (B) the integral is positive since S u > L > D 1 for

 < ζ which is equivalent to λS u > ( r + λ) K. The contradiction be- 

ween inequality (3.8) and Definition 2.1 is due to the assumption 

 

t, x ) ∈ ϒ . This finishes the proof. �

emark 3.1. Let us mention that the similar approach as above can 

e used if the model is stated under significantly general assump- 

ions. First, if we consider a general diffusion model, then its drift 

nder the risk-neutral measure has to be again rS t . We have ap- 

lied above Dynkin’s formula (2.5) to the function 

f ( u, x ) = xe −r ( u −t ) −λu . (3.9) 

ince it is linear w.r.t. the variable x , only the first derivative influ- 

nces its infinitesimal generator. Hence, conclusions (3.8) are true 
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C

or the general diffusion models too and therefore Theorem 3.1 still 

olds. 

More generally, if the underlying asset is driven by some Feller- 

arkov process, we can use an analogue of Proposition 2.1 . Hence, 

cheme (3.8) can be used again with the corresponding form of the 

nfinitesimal generator. 

Hereafter, we assume t = 0 referring to Proposition 2.2 . If L ∈
 

D 1 , K ) (this is possible only when r < 0 ) then the exercise bound- 

ry is the cap value L . If the asset starts below L then the option

rice is simply F = K − L . Suppose now that S 0 > L . We shall use

he results of [45] for the Laplace transforms of the first hitting 

ime – we present them in Appendix A . Note that there hitting 

s assumed to be above. Hence we have to examine the opposite 

rownian motion B t = −B t instead the original one. Let ζ be the 

rst hitting moment of the underlying asset to L or equivalently, 

he hitting of the opposite Brownian motion to the linear function 

 ( t ) = b 1 t + b 2 for 

 1 = 

r 

σ
− σ

2 

 2 = 

ln S 0 − ln L 

σ
. 

(3.10) 

herefore the option price is 

 = E 
[
e −( r+ λ) ζ ( K − L ) I ζ≤T 

]
+ E 

[
e −( r+ λ) T ( K − S T ) 

+ I ζ>T 

]
= ( K − L ) E 

[
e −( r+ λ) ζ I ζ≤T 

]
+ Ke −( r+ λ) T E 

[
I ζ>T,S T <K 

]
− S 0 e 

−
(
λ+ σ2 

2 

)
T 

E 
[
e σB T I ζ>T,S T <K 

]
. 

(3.11) 

sing propositions Appendix A.1 and Appendix A.2 ( Theorems 3.1 

nd 3.2 from Zaevski [45] ) we conclude 

 = ( K − L ) e 
b 2 

(√ 

b 2 
1 
+2 ( r+ λ) −b 1 

)
g 

(
T , 

√ 

b 2 
1 

+ 2 ( r + λ) , b 2 

)
+ Ke −( r+ λ) T V ( 0 , d ( T , K ) , T ; b 1 , b 2 ) 

− S 0 e 
−
(
λ+ σ2 

2 

)
T 
V ( −σ, d ( T , K ) , T ; b 1 , b 2 ) , 

(3.12) 

here the functions g ( ·) , d ( ·) and V ( ·) are 

 ( T ; b 1 , b 2 ) = 1 − N 

(
b 1 T + b 2 √ 

T 

)
+ exp ( −2 b 1 b 2 ) N 

(
b 1 T − b 2 √ 

T 

)
d ( t, x ) = 

ln S 0 − ln x 

σ
+ 

(
r 

σ
− σ

2 

)
t 

V ( θ, z, T ; b 1 , b 2 ) 

= exp 

(
T θ2 

2 

)⎡ 

⎣ 

N 

(
b ( T ) −T θ√ 

T 

)
− N 

(
z−T θ√ 

T 

)
+ e 2 b 2 ( θ−b 1 ) 

(
N 

(
z−T θ−2 b 2 √ 

T 

)
− N 

(
b ( T ) −T θ−2 b 2 √ 

T 

))
⎤ 

⎦ .

(3.13) 

Suppose now that L ∈ ( D 2 , D 1 ) . Let us denote by τ ∗ this time 

o maturity, for which c ( τ ∗) = L . If T ≤ τ ∗, then the option turns

o an ordinary American put. Suppose now that T > τ ∗. Therefore 

 ( t ) = L for t < T − τ ∗ and c ( t ) = c A ( t ) for t ≥ T − τ ∗. Let the func-

ion f ( ·) be defined as 

f ( t, y ) = 

1 √ 

2 πt 

(
1 − exp 

(
− 2 b 2 ( b ( t ) − y ) 

t 

))
exp 

(
− y 2 

2 t 

)
. (3.14) 

et us denote by A ( y, τ ) the price of an ordinary American put if 

he asset starts from the value y and the time to maturity is τ . 

sing Propositions 2.2 and Appendix A.3 ( Eq. (3.7) from Zaevski 

45] ) we conclude that the option price can be presented as 

 = E 
[
e −( r+ λ) ζ ( K − L ) I ζ≤T −τ ∗

]
+ e −r ( T −τ ∗ ) 

∫ ∞ 

−d ( T −τ ∗,L ) 

e −λ( T −τ ∗ ) A 

(
S 0 e 

(
r− σ2 

2 

)
( T −τ ∗ ) + σy 

, τ ∗
)

dQ ( B T −τ ∗ < y, ζ > T − τ ∗) 

= E 
[
e −( r+ λ) ζ ( K − L ) I ζ≤T −τ ∗

]
+ e −( r+ λ) ( T −τ ∗ ) 

∫ ∞ 

−d ( T −τ ∗,L ) 
4 
A 

(
S 0 e 

(
r− σ2 

2 

)
( T −τ ∗ ) + σy 

, τ ∗
)

dQ 

(
B T −τ ∗ > −y, ζ > T − τ ∗)

= ( K − L ) e 
b 2 

(√ 

b 2 
1 
+2 ( r+ λ) −b 1 

)
g 

(
T − τ ∗, 

√ 

b 2 
1 

+ 2 ( r + λ) , b 2 

)
+ e −( r+ λ) ( T −τ ∗ ) 

∫ ∞ 

−d ( T −τ ∗,L ) 
A 

(
S 0 e 

(
r− σ2 

2 

)
( T −τ ∗ ) + σy 

, τ ∗
)

f ( T − τ ∗, −y ) dy 

= ( K − L ) e 
b 2 

(√ 

b 2 
1 
+2 ( r+ λ) −b 1 

)
g 

(
T − τ ∗, 

√ 

b 2 
1 

+ 2 ( r + λ) , b 2 

)
+ e −( r+ λ) ( T −τ ∗ ) 

∫ d ( T −τ ∗,L ) 

−∞ 

A 

(
S 0 e 

(
r− σ2 

2 

)
( T −τ ∗ ) −σy 

, τ ∗
)

f ( T − τ ∗, y ) dy. (3.15) 

Finally, note that if L ≤ D 2 , then the optimal exercise boundary 

f the pure American option is always above the cap level. There- 

ore the capped option turns to an ordinary one. We can summa- 

ize the derived results in the following theorem. 

heorem 3.2. The price of an American capped put option can be 

erived through one of the following statements. 

1. If L ∈ [ D 1 , K ) , then the option price is given by Eq. (3.12) when

S 0 > L . Otherwise the price is K − L . 

2. If L ∈ ( D 2 , D 1 ) and T > τ ∗, then the price of the American capped 

option is given by Eq. (3.15) when S 0 > L . Otherwise the price is

K − L . 

3. If L ≤ D 2 or L ∈ ( D 2 , D 1 ) ∩ T ≤ τ ∗, then the option is an ordinary

American put and its price can be found using [27] . 

As a corollary of Theorem 3.2 we provide the result in the per- 

etual case, i.e. when T = ∞ 

orollary 3.1. Suppose that T = ∞ . Then the early exercise boundary 

s the line C = L ∨ D 2 . If the asset starts above it, S 0 > C, the option

rice is 

 = ( K − C ) 

(
C 

S 0 

)γ

, (3.16) 

here γ is given by Eq. (3.3) . Otherwise, if S 0 ≤ C, then the option 

rice is F = K − S 0 . 

roof. The proof is an immediate consequence from 

heorem 3.2 and theorem 6.2 from Zaevski [27] . �

Let us comment the result of Corollary 3.1 having in mind 

heorem 3.2 . If L ≥ D 1 , we use Eq. (3.12) . Since T = ∞ , the last

wo terms vanish and the first one leads to formula (3.16) – note 

hat C = L . If L ∈ ( D 2 , D 1 ) , then we use Eq. (3.15) . Note that always

 > τ ∗. The second term vanishes due to the discount factor. The 

rst term leads to formula (3.16) . Finally, if L ≤ D 2 , then the option

s a perpetual American and therefore we have to use theorem 6.2 

rom Zaevski [27] . 

.2. The Crank–Nicolson finite difference method for American option 

ricing 

We shall construct now a finite difference approach for pric- 

ng an American uncapped option solving numerically the corre- 

pondent Black–Scholes equation in the approximated region. This 

quation is closely related to the classical heat equation. The main 

nite difference algorithms for its solving are the explicit, implicit, 

nd Crank–Nicolson methods. The first one is relatively fast, but it 

ay diverge when the ratio between the time step and the square 

f the space step is larger than 0.5. The accuracy is proportional to 

he time step and the square of the state one. The same is true for

he implicit algorithm. Differently to the explicit one, it converges 

ver, but it has a larger time consumption due to the appearing 

inear system which has to be solved. The main advantage of the 

rank–Nicolson method is that the accuracy is proportional to the 
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quare of the space step as well as the square of the time step. 

lso, this algorithm is always numerical stable and convergent. 

Let us find the critical value for the Black–Scholes equation be- 

ow which the explicit method is stable. Let the constants A , B , α,

nd β be defined as 

 = 

σ 2 

2 

 = r − σ 2 

2 

= 

B 

2 A 

= 

r 

σ 2 
− 1 

2 

= 

B 

2 

4 A 

+ r = 

1 

2 

(
r 

σ 2 
+ 

1 

2 

)2 

(3.17) 

fter the change of variables u = A ( T − t ) and y = ln ( x ) the solu- 

ion of the Black–Scholes equation F ( t, x ) can be written as 

 ( t, x ) = x −αe −β( T −t ) f ( A ( T − t ) , ln ( x ) ) , (3.18) 

here the function f ( u, y ) solves the heat equation f u = f yy . Let us

enote by I the length of the state interval in which we solve the 

lack–Scholes equation and by m and n the time and state steps, 

espectively. Let also m heat and n heat be the steps for the heat equa- 

ion f u = f yy . The change of variables above leads to the following

quivalence of the stability condition 

m heat 

n 

2 
heat 

< 

1 

2 

⇔ 

m 

n 

2 
< 

1 

2 AI 2 
. (3.19) 

e have to mention also that the features of the convergence 

peed is kept. 

All this prompts us to choose namely the Crank–Nicolson fi- 

ite difference approach when we need to solve the appearing 

eat style Black–Scholes equation related to the uncapped option. 

irst, we use the three steps algorithm presented in Zaevski [27] to 

pproximate its early exercise boundary. We derive the values in 

j 1 main nodes. The algorithm produces meanwhile the values in 

ome additional nodes – we denote by j 2 the number of the to- 

al different nodes at which we know the exercise boundary. After 

hat we apply a cubic spline interpolation to determine the bound- 

ry at the uniform grid with significant more nodes – their number 

s denoted by j 3 . It turns out that j 1 = 5 and j 3 = 128 are sufficient

o approximate the optimal boundary. In this case the value of j 2 
s 15. 

The next step is to apply the second Monte Carlo method pre- 

ented in Zaevski [27] to determine the option prices for some 

xed initial asset value, denoted by H, and different maturities. 

he value of H will be specified later. We calculate the prices at 

he same j 1 nodes and interpolate the rest j 3 nodes. We shall de- 

ote the values at this upper boundary H by h ( t ) . Having in mind 

roposition 2.2 we conclude that the PDE for the American un- 

apped option turns to 

 t ( t, x ) + rx F x ( t, x ) + 

1 
2 
σ 2 x 2 F xx ( t, x ) − rF ( t, x ) = 0 

 

(
t , c A ( t ) 

)
= exp ( −λt ) 

(
K − c A ( t ) 

)
, t ∈ [ 0 , T ] 

 ( t, H ) = exp ( −λt ) h ( t ) , t ∈ [ 0 , T ] 

 ( T , x ) = exp ( −λT ) ( K − x ) 
+ 
, c ( T ) < x < H. 

(3.20) 

he equation holds in the region ( t, x ) ∈ { ( 0 , T ) × ( c ( t ) , H ) } and 

he boundary constrains are imposed on the lower, upper, and the 

ight boundaries. Since the function c ( t ) is increasing we shall use 

he finite difference approach at the region { ( 0 , T ) × ( c ( 0 ) , H ) } . We 

hall work backwards. We divide the time interval into M points 

hereas the x -interval is divided into N points – T ≡ t 1 > t 2 > 

 . . > t M 

≡ 0 and c ( 0 ) ≡ x 1 < x 2 < . . . < x N ≡ H. We shall denote by

 ( m, n ) our approximation of the solution of Eq. (3.20) in the node 

 

m, n ) . 
5 
1. We approximate all values of c ( t m 

) , m = 1 , 2 , . . . , M, using a cu-

bic spline interpolation over the calculated above j 3 values of 

the exercise boundary. 

2. For every m = 1 , 2 , . . . , M we derive the largest value of n for

which the point ( t m 

, x n ) is not above c ( t m 

) . Let this value be 

l m 

. We set F ( m, n ) = e −λt m ( K − x n ) for every m and n ≤ l m 

. 

3. For every n = 1 , 2 , ., N we set F ( 1 , n ) = e −λT ( K − x n ) 
+ . Note that

we work backwards and hence F ( 1 , n ) are the values at the ma- 

turity. 

4. For every m = 1 , 2 , . . . , M we set F ( m, N ) = e −λt m h ( t m 

) . 

5. Suppose that we have derived all values F ( j, n ) for all j < m 

and an arbitrary n . We approximate the terms in Eq. (3.20) in 

accordance of the Crank–Nicolson approach 

F t = 

F ( m − 1 , n ) − F ( m, n ) 


t 

F = 

F ( m − 1 , n ) + F ( m, n ) 

2 

F x = 

F ( m − 1 , n ) − F ( m − 1 , n − 1 ) + F ( m, n ) − F ( m, n − 1 ) 

2
x 

F xx = 

F ( m − 1 , n + 1 ) − 2 F ( m − 1 , n ) + F ( m − 1 , n − 1 ) 

2 ( 
x ) 
2 

+ 

F ( m, n + 1 ) − 2 F ( m, n ) + F ( m, n − 1 ) 

2 ( 
x ) 
2 

. (3.21) 

In such a way Eq. (3.20) turns to 

0 = 

F ( m − 1 , n ) − F ( m, n ) 


t 

+ 

1 

2 
rx n 

F ( m − 1 , n ) − F ( m − 1 , n − 1 ) + F ( m, n ) − F ( m, n − 1 ) 


x 

+ 

1 

4 
σ 2 x 2 n 

( 

F ( m − 1 ,n + 1 ) − 2 F ( m − 1 ,n ) + F ( m − 1 ,n − 1 ) 

( 
x ) 
2 

+ 

F ( m,n +1 ) −2 F ( m,n ) + F ( m,n −1 ) 

( 
x ) 
2 

) 

− 1 

2 
r ( F ( m − 1 , n ) + F ( m, n ) ) . (3.22) 

After rearranging Eq. (3.22) we derive the following linear sys- 

tem for F ( m, n ) , l m 

+ 1 ≤ n ≤ N − 1 : 
• If n = l m 

+ 1 , then 

F ( m, n ) 

(
1 


t 
− 1 

2 

rx n 


x 
+ 

1 

2 

σ 2 x 2 n 

( 
x ) 
2 

+ 

1 

2 
r 

)
− F ( m, n + 1 ) 

1 

4 

σ 2 x 2 n 

( 
x ) 
2 

= F ( m − 1 , n − 1 ) 

(
− 1 

2 

rx n 


x 
+ 

1 

4 

σ 2 x 2 n 

( 
x ) 
2 

)

+ F ( m − 1 , n ) 

(
1 


t 
+ 

1 

2 

rx n 


x 
− 1 

2 

σ 2 x 2 n 

( 
x ) 
2 

− 1 

2 
r 

)

+ F ( m − 1 , n + 1 ) 
1 

4 

σ 2 x 2 n 

( 
x ) 
2 

− F ( m, l m 

) 

(
1 

2 

rx n 


x 
− 1 

4 

σ 2 x 2 n 

( 
x ) 
2 

)
. (3.23) 

• If l m 

+ 1 < n < N − 1 , then 

F ( m, n − 1 ) 

(
1 

2 

rx n 


x 
− 1 

4 

σ 2 x 2 n 

( 
x ) 
2 

)

+ F ( m, n ) 

(
1 


t 
− 1 

2 

rx n 


x 
+ 

1 

2 

σ 2 x 2 n 

( 
x ) 
2 

+ 

1 

2 
r 

)

− F ( m, n + 1 ) 
1 

4 

σ 2 x 2 n 

( 
x ) 
2 

= F ( m − 1 , n − 1 ) 

(
− 1 

2 

rx n 


x 
+ 

1 

4 

σ 2 x 2 n 

( 
x ) 2 

)

+ F ( m − 1 , n ) 

(
1 


t 
+ 

1 

2 

rx n 


x 
− 1 

2 

σ 2 x 2 n 

( 
x ) 
2 

− 1 

2 
r 

)

+ F ( m − 1 , n + 1 ) 
1 

4 

σ 2 x 2 n 

( 
x ) 
2 
. (3.24) 
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1 For the shorter maturities we can use N = 200 . 
• If n = N − 1 , then 

F ( m, n − 1 ) 

(
1 

2 

rx n 


x 
− 1 

4 

σ 2 x 2 n 

( 
x ) 
2 

)

+ F ( m, n ) 

(
1 


t 
− 1 

2 

rx n 


x 
+ 

1 

2 

σ 2 x 2 n 

( 
x ) 
2 

+ 

1 

2 

r 

)

= F ( m − 1 , n − 1 ) 

(
−1 

2 

rx n 


x 
+ 

1 

4 

σ 2 x 2 n 

( 
x ) 
2 

)

+ F ( m − 1 , n ) 

(
1 


t 
+ 

1 

2 

rx n 


x 
− 1 

2 

σ 2 x 2 n 

( 
x ) 
2 

− 1 

2 

r 

)

+ F ( m − 1 , n + 1 ) 
1 

4 

σ 2 x 2 n 

( 
x ) 
2 

+ F ( m, N ) 
1 

4 

σ 2 x 2 n 

( 
x ) 
2 
. (3.25) 

This system consists of N − l m 

− 1 linear equations w.r.t. the 

variables F ( m, l m 

+ 1 ) , ( m, l m 

+ 2 ) , . . . , F ( m, N − 1 ) . We derive 

all values at the m th time node solving it. 

6. We repeat this procedure until we find all values F ( m, n ) . 

.3. Numerical method for pricing American capped put options 

When we price a capped option we have to modify the ap- 

roach from Section 3.2 . We present below an algorithm which al- 

ows us to calculate the price of the capped option as well as the 

alue of its uncapped analogue. In such a way we evaluate the pre- 

ium for capping. As we have seen in Theorem 3.2 three cases are 

ossible. If L ≤ D 2 or L ∈ ( D 2 , D 1 ) ∩ T ≤ τ ∗, then capping has no in-

uence, and therefore the capped option turns to a usual American 

ne. On the other hand if L ∈ [ D 1 , K ) , there exists a closed form for-

ula for the capped option price – formula (3.12) . The most com- 

licate case is L ∈ ( D 2 , D 1 ) ∩ T > τ ∗ – it combines the features of 

oth previous cases. Having in mind the remarks above we con- 

truct the following algorithm. 

1. We use the presented in Section 3.2 approach to derive the ex- 

ercise boundary of the uncapped option and its price structure 

w.r.t the time and state divisions. 

2. If the exercise boundary at the initial moment is above the cap, 

c ( t M 

) ≡ c ( 0 ) ≥ L , then both capped and uncapped options co- 

incide and therefore the task is solved. Remind that we work 

backwards in the finite difference scheme. 

3. If L ∈ [ D 1 , K ) , we have to apply closed form formula (3.12) to 

obtain the price of the capped option. 

4. We consider the case L ∈ ( c ( 0 ) , D 1 ) . We have to rely now on 

formula (3.15) . Its first part can be derived explicitly. Hence, we 

have to evaluate its integral part. The rest of the algorithm is 

intended for this. 

5. We derive the lowest m for which c ( t m 

) > L . Let us denote it by

m . It approximates the value of τ ∗, τ ∗ ≈ t m 

. 

6. If m = M, then the optimal boundary is above the cap only at 

the maturity and hence the option price is approximately equal 

to formula (3.12) . 

7. Suppose now m < M. Remind that l m 

is the largest value of n ,

for which x n is not above c ( t m 

) . We use the derived values of

F ( n, m ) , n = l m 

+ 1 , . . . , N to approximate the price function for

the uncapped option which appears in the integral part of for- 

mula (3.15) –

A 

(
S 0 e 

(
r− σ2 

2 

)
t m −σy 

, t m 

)
. (3.26) 

Note that in the finite difference scheme the x -nodes are for the 

underlying asset, not for the Brownian motion. 

8. Using a cubic spline interpolation we approximate function 

(3.26) at N 1 uniformly distributed on the interval ( c ( t m 

) , H ) 
nodes. 
6 
9. We value function (3.14) at the obtained above x -nodes. 

0. We approximate the integral from Eq. (3.15) averaging the 

product of functions (3.26) and (3.14) . 

1. We finish our algorithm discounting the integral by e −( r+ λ) t m 

and summing both parts of formula (3.15) . 

2. The premium for capping can be obtain as the difference be- 

tween the prices of the uncapped and capped options. 

.4. Numerical results 

Both typical forms of the optimal boundary of an American 

apped put option are presented at Fig. 1 a and 1 b. We consider

 negative risk-free rate of return, r = −0 . 03 , because in this case

he exercise boundary is below the strike at the maturity. We as- 

ume that the option expires after one year, i.e. T = 1 , the strike

rice is K = 20 , the cap level is L = 7 , and the volatility is σ = 0 . 3 .

or Fig. 1 a we use value λ = 0 . 05 . The terminal values D 1 and D 2 

re D 1 = 8 . 0 0 0 0 and D 2 = 3 . 7906 . The critical value for the time

o maturity is τ ∗ = 0 . 5235 and it is marked by red color in Fig. 1 a.

et us assume that λ = 0 . 06 . The critical values are D 1 = 10 . 0 0 0 0 ,

 2 = 5 . 0 0 0 0 , and τ ∗ = 2 . 8290 . Since τ ∗ > T the option turns to an

ncapped American put. The boundary can be seen in Fig. 1 b. 

In Fig. 1 e and 1 c we present the exercise boundaries of the 

apped and uncapped options varying the time to maturity be- 

ween zero and three, τ ∈ ( 0 , 3 ) , and the discount rate among 

∈ ( 0 . 031 , 0 . 1 ) . Note that these values guarantee r + λ > 0 . We 

gain mark by red color the values at which the boundary turns 

o the cap. The boundary’s behavior for longer maturities can be 

een at Fig. 1 f and 1 d. The time to maturity belongs to the in-

erval ( 0 , 200 ) . The green points are the corresponding perpetual 

alues calculated by the use of Corollary 3.1 . We can see that for 

he longer maturities the boundary’s values are very close to the 

orresponding perpetual ones. 

At Fig. 2 we present the behavior of the option prices (with 

nd without capping) and the premium for capping. We sepa- 

ately consider the cases with short and middle maturities on one 

and side and with large and extremely large maturities at other. 

or the first one the time to maturity is assumed to be between 

∈ ( 0 , 3 ) , whereas for the second one we use values larger than 

0 – τ ∈ ( 20 , 200 ) . For both cases we have to derive this value of 

which guarantees that the interval ( c ( t m 

) , H ) comprises the sig- 

ificant mass of the distribution f ( ·) from Eq. (3.14) . It appears in 

he integral part of the price formula (3.15) . It turns out that for 

he shorter maturities the sufficient value is H = 2 K = 40 , whereas

or the longer ones we need a larger value H = 10 K = 200 . The

ime interval is divided into M = 20 0 0 steps. To use a relatively

qual size of the state grid we use N = 200 and N = 10 0 0 point

ivisions, respectively, for the short and long maturities. Also, to 

valuate correctly the integral in formula (3.15) we divide the in- 

erval ( c ( t m 

) , H ) into N 1 = 500 1 pieces for which we use the cu- 

ic spline interpolation. At Fig. 2 a, 2 c, and 2 e are presented the

ncapped, capped option prices, and the premium for capping, re- 

pectively. We observe that for small values of the discount factor 

the cap is above the optimal boundary value at the maturity, 

 > D 1 . Hence we price the capped options via formula (3.12) . For

arger values of λ the cap is below the terminal boundary value, 

ut it is above its initial value, c ( 0 ) < L < D 1 . Hence we have to use

ormula (3.15) . For even greater values of λ the optimal boundary 

or the uncapped option is always above the cap and hence both of 

apped and uncapped options coincide. Particularly, the premium 

or capping turns to zero. We marked by red and yellow points the 

ritical values of the discount factor at which the capped option 

hanges its feature. Note that the first critical value for the dis- 

ount factor λ can be calculated explicitly since it leads to D = L .
1 
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Fig. 1. Put capped options. 
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1 = − rK 

K − L 
. (3.27) 

emind that the risk-free rate is negative. Let us mention that if 

he time to maturity is zero, c ( 0 ) ≡ D 1 and therefore both critical 

alues coincide. This can be viewed at Fig. 2 . Assumed parame- 

ers lead to λ1 = 0 . 0462 . At Fig. 2 b and 2 d we present the price

ehavior of the long maturing uncapped and capped options. The 

remium for capping can be seen in Fig. 2 f. The perpetual values 
7 
alculated explicitly via Corollary 3.1 are plotted again by a green 

olor. We can see that both prices and the premium tend to the 

erpetual values for large times to maturity. 

The option prices for some particular values of the parame- 

ers are presented in Table 1 . We assume again r = −0 . 03 , σ = 0 . 3 ,

nd K = 20 . The considered options are at-the-money, i.e S 0 ≡ K =
0 . We vary the time to maturity as τ ∈ { 0 . 5 , 1 , 2 , 3 } , the cap 

s L ∈ { 10 , 12 , 14 , 16 , 18 } , and the discount factor among λ ∈ 

 

0 . 0031 , 0 . 04 , 0 . 05 , 0 . 06 , 0 . 07 , 0 . 08 , 0 . 09 , 0 . 1 } . The first col- 

mn presents the prices of the uncapped American options. It 
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Fig. 2. Put option prices. 
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urns out that due to the Monte Carlo modification a relatively low 

umber of the grid nodes are enough for very precise results –

 = 50 0 0 time and N = 10 0 0 state nodes. We use a N 1 = 500 -step

ivision for the integral interpolation in formula (3.15) . Right to the 

ption prices we mark which formula is valid – “1” if we use for- 

ula (3.12) , “2” for formula (3.15) , and “3” if the capped option 

oincides with the corresponding uncapped one. 
8 
. Call style options 

Since the call and put early exercise boundaries are symmet- 

ic in some sense, we shall present the results for call capped op- 

ions mentioning the differences. We shall use the same notations 

s above. The value of the exercise boundary of the corresponding 

ncapped option at the maturity D and the perpetual value D 
1 2 
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Table 1 

Put option prices. 

λ = 0 . 031 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.8291 1.8289/1 1.8281/1 1.8208/1 1.7654/1 1.3750/1 

τ = 1 2.6541 2.6518/1 2.6395/1 2.5847/1 2.3456/1 1.5829/1 

τ = 2 3.8695 3.8361/1 3.7521/1 3.5040/1 2.8948/1 1.7394/1 

τ = 3 4.8280 4.7169/1 4.5121/1 4.0457/1 3.1693/1 1.8091/1 

λ = 0 . 04 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.8209 1.8207/1 1.8201/1 1.8136/1 1.7603/1 1.3729/1 

τ = 1 2.6303 2.6287/1 2.6187/1 2.5685/1 2.3357/1 1.5795/1 

τ = 2 3.8004 3.7774/1 3.7051/1 3.4713/1 2.8769/1 1.7339/1 

τ = 3 4.6995 4.6224/1 4.4407/1 3.9986/1 3.1449/1 1.8021/1 

λ = 0 . 05 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.8117 1.8117/1 1.8112/1 1.8057/1 1.7548/1 1.3707/1 

τ = 1 2.6041 2.6033/1 2.5958/1 2.5507/1 2.3247/1 1.5756/1 

τ = 2 3.7258 3.7134/1 3.6537/1 3.4354/1 2.8571/1 1.7279/1 

τ = 3 4.5645 4.5198/1 4.3630/1 3.9472/1 3.1182/1 1.7943/1 

λ = 0 . 06 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.8027 1.8026/1 1.8023/1 1.7978/1 1.7492/1 1.3684/1 

τ = 1 2.5783 2.5782/1 2.5732/1 2.5330/1 2.3138/1 1.5718/1 

τ = 2 3.6554 3.6506/1 3.6032/1 3.4001/1 2.8376/1 1.7219/1 

τ = 3 4.4427 4.4198/1 4.2870/1 3.8968/1 3.0919/1 1.7867/1 

λ = 0 . 07 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.7937 1.7938/2 1.7936/1 1.7900/1 1.7437/1 1.3661/1 

τ = 1 2.5533 2.5531/2 2.5507/1 2.5154/1 2.3030/1 1.5680/1 

τ = 2 3.5905 3.5889/2 3.5534/1 3.3652/1 2.8183/1 1.7159/1 

τ = 3 4.3332 4.3225/2 4.2127/1 3.8473/1 3.0660/1 1.7791/1 

λ = 0 . 08 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.7849 1.7849/3 1.7845/2 1.7821/1 1.7381/1 1.3639/1 

τ = 1 2.5295 2.5295/2 2.5279/2 2.4980/1 2.2922/1 1.5643/1 

τ = 2 3.5306 3.5300/2 3.5043/2 3.3308/1 2.7992/1 1.7100/1 

τ = 3 4.2333 4.2286/2 4.1399/2 3.7986/1 3.0404/1 1.7717/1 

λ = 0 . 09 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.7762 1.7762/3 1.7760/2 1.7744/1 1.7326/1 1.3616/1 

τ = 1 2.5068 2.5068/3 2.5061/2 2.4807/1 2.2815/1 1.5605/1 

τ = 2 3.4746 3.4743/2 3.4562/2 3.2968/1 2.7803/1 1.7041/1 

τ = 3 4.1408 4.1385/2 4.0687/2 3.7508/1 3.0152/1 1.7643/1 

λ = 0 . 1 American L = 10 L = 12 L = 14 L = 16 L = 18 

τ = 0 . 5 1.7677 1.7677/3 1.7677/2 1.7663/2 1.7271/1 1.3594/1 

τ = 1 2.4852 2.4852/3 2.4848/2 2.4631/2 2.2709/1 1.5568/1 

τ = 2 3.4219 3.4218/2 3.4091/2 3.2632/2 2.7617/1 1.6983/1 

τ = 3 4.0544 4.0528/2 3.9992/2 3.7039/2 2.9904/1 1.7570/1 

n

D

D

γ

S

i

t  

m

g

o

T

t

P

ϒ

(

H

T

t

t

L

ow are given by 

 1 = max 

(
r + λ

λ
, 1 

)
K 

 2 = 

γ

γ − 1 

K 

= 

√ (
r 

σ 2 
− 1 

2 

)2 

+ 2 

r + λ

σ 2 
−

(
r 

σ 2 
− 1 

2 

)
. 

(4.1) 

ince the optimal exercise boundary of the uncapped call option 

s an increasing function w.r.t. the time to maturity, it has to in- 

ersect the capped level in case D 1 < L < D 2 . We shall denote this

oment with τ ∗ again. Now we shall establish the theorem which 

ives the form of the early exercise boundary for the capped call 

ptions. 

heorem 4.1. The exercise boundary of an American call capped op- 

ion is c ( t ) = c A ( t ) ∧ L . 
9 
roof. Suppose first that for some t and x ∈ ( K, L ) , we have ( t, x ) ∈ 

A . Therefore, for an arbitrary strategy ζ ∈ T [ t,T ] 

 

x ∧ L − K ) ≡ ( x − K ) ≥ E t,x 
[ 

e −( r+ λ) ( ζ−t ) 
(
S ζ − K 

)+ ] 
≥ E t,x 

[ 
e −( r+ λ) ( ζ−t ) 

(
S ζ ∧ L − K 

)+ ] 
. 

(4.2) 

ence ( t, x ) ∈ ϒ too. Suppose that ( t, x ) ∈ ϒ for some t and x > L . 

herefore there exists a strategy ζ which leads to a larger profit 

han the immediate exercise. Note that S ζ > K, because otherwise 

he option’s holder receives nothing. Thus 

 − K ≡ x ∧ L − K < E t,x 
[ 

e −( r+ λ) ( ζ−t ) 
(
S ζ ∧ L − K 

)+ ] 
= E t,x 

[
e −( r+ λ) ( ζ−t ) 

(
S ζ ∧ L − K 

)]
< E t,x 

[
e −( r+ λ) ( ζ−t ) ( L − K ) 

]
< L − K . 

(4.3) 
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ence ( t, x ) ∈ ϒ . It remains to prove that all points below the con- 

our c A ( t ) ∧ L are not optimal for early exercising. Suppose the con- 

rary, i.e. there exists a point ( t, x ) ∈ ϒ such that x < c A ( t ) ∧ L . If

 ≥ D 2 ≡ c A ( ∞ ) , then c A ( t ) ∧ L ≡ c A ( t ) . On the other hand in this

ase the capped option coincides with an ordinary American op- 

ion and therefore the theorem is true. Suppose now that D 1 < L <

 2 . Hence, there exists an option with a shorter maturity T , which 

ptimal exercise boundary is below the capped level, c A ( t ) < L . Let 

s examine a strategy ζ which is the first hitting time to the con- 

our c A ( t ) ∧ T . We have that 

 − x < E t,x 
[ 

e −( r+ λ) ( ζ−t ) 
(
S ζ − K 

)+ ] 
. (4.4) 

bviously ζ ∈ T [ t,T ] . Also, having in mind that S ζ < L and inequality

4.4) we conclude that the strategy ζ is better for the holder of 

he original option than immediate exercising. Therefore the point 

 

t, x ) can not be optimal. 

Finally, we have to examine the case L ≤ D 1 , which is possible 

nly when r > 0 . We shall examine a strategy ζ which is the first

itting time to the cap if it happens before T , and T otherwise. Us-

ng the equality ( x − K ) + = ( x − K ) + ( K − x ) I x ≤K and Dynkin’s for- 

ula (2.5) we derive 

 

t,x 
[
e −r ( ζ−t ) N 

(
ζ , S ζ

)]
= E t,x 

[ 
e −r ( ζ−t ) e −λζ

(
S ζ − K 

)+ ] 
= E t,x 

[
e −r ( ζ−t ) e −λζ

(
S ζ − K 

)]
+ E t,x 

[
e −r ( ζ−t ) e −λζ

(
K − S ζ

)
I S ζ ≤K 

]
± e −λt ( x − K ) 

= e −λt ( x − K ) + E t,x 
[
e −r ( ζ−t ) e −λζ

(
K − S ζ

)
I S ζ ≤K 

]
− E t,x 

[
K 

(
e −r ( ζ−t ) −λζ − e −λt 

)]
+ E t,x 

[
S ζ e −r ( ζ−t ) −λζ

]
− xe −λt 

= e −λt ( x − K ) + E t,x 
[
e −r ( ζ−t ) e −λζ

(
K − S ζ

)
I S ζ ≤K 

]
+ E t,x 

[
K 

∫ ζ

t 
( r + λ) e −λu −r ( u −t ) du 

]
+ xe −λt 

+ E t,x 
[∫ ζ

t 

−λe −r ( u −t ) −λu S u du 

]
− xe −λt 

= e −λt ( x − K ) + E t,x 
[
e −r ( ζ−t ) e −λζ

(
K − S ζ

)
I S ζ ≤K 

]
+ E t,x 

[∫ ζ

t 

e −r ( u −t ) −λu ( −λS u + ( r + λ) K ) du 

]
> e −λt ( x − K ) . (4.5) 

he last inequality is true since for every u < ζ we have 

 u < L < D 1 = 

r + λ

λ
K. (4.6) 

e conclude that the point ( t, x ) can not be optimal since the 

trategy ζ leads to a better result. �

We shall prove now the analogue of theorem (3.2) . Let the con- 

tants b 1 and b 2 , and the functions g ( ·) , V ( ·) , and d ( ·) be defined

gain by the equalities (3.10) and (3.13) . The price of the uncapped 

all option shall be denoted by A ( ·) . 
heorem 4.2. If L ∈ ( K, D 1 ] then c ( t ) ≡ L . If x ≥ L , then F = L − K.

therwise, if x < L , then 

 = ( L − K ) e 
−b 2 

(√ 

b 2 
1 
+2 ( r+ λ) + b 1 

)
g 

(
T , 

√ 

b 2 
1 

+ 2 ( r + λ) , −b 2 

)
+ S 0 e 

−
(
λ+ σ2 

2 

)
V ( σ, −d ( T , K ) , T ;−b 1 , −b 2 ) 

− Ke −( r+ λ) T V ( 0 , −d ( T , K ) , T ;−b 1 , −b 2 ) . (4.7) 

f L ∈ ( D 1 , D 2 ) and T > τ ∗, then the option price can be presented as 

 = ( L − K ) e 
−b 2 

(√ 

b 2 
1 
+2 ( r+ λ) + b 1 

)
g 

(
T − τ ∗, 

√ 

b 2 
1 

+ 2 ( r + λ) , −b 2 

)

10 
+ e −( r+ λ) ( T −τ ∗) 
∫ −d ( τ ∗,L ) 

−∞ 

A 

(
S 0 e 

(
r− σ2 

2 

)
τ ∗+ σy 

, τ ∗
)

f ( τ ∗, y ) dy. 

(4.8) 

inally, if L ≥ D 2 or L ∈ ( D 1 , D 2 ) ∩ T ≤ τ ∗, then the option turns to an

rdinary American call. 

roof. The case when L ≥ D 2 or L ∈ ( D 1 , D 2 ) jointly with τ ∗ ≥ T is 

bvious, since both exercise boundaries coincide, c ( t ) ≡ c A ( t ) for 

 ≤ T . 

Suppose now that K < L ≤ D 1 . Note that this is possible only 

hen r > 0 . Hence, the exercise boundary of the corresponding un- 

apped option is always above the cap and therefore the optimal 

oundary for the capped option is simply the value L . Let us notate 

y ζ the first hitting moment to the cap level L . If the asset starts

elow the cap, then the option price is 

 = E 
[
e −( r+ λ) ζ ( L − K ) I ζ≤T 

]
+ E 

[
e −( r+ λ) T ( S T − K ) 

+ I ζ>T 

]
= ( L − K ) E 

[
e −( r+ λ) ζ I ζ≤T 

]
+ S 0 e 

−
(
λ+ σ2 

2 

)
E 
[
e σB T I ζ>T,S T >K 

]
− Ke −( r+ λ) T E 

[
I ζ>T,S T >K 

]
. (4.9) 

t remains to use propositions Appendix A.1 and Appendix 

.2 ( Theorems 3.1 and 3.2 from Zaevski [45] ) to derive formula 

4.7) . Note that we do not need to use the opposite Brownian mo- 

ion as we did in the put case. We use the arguments presented in 

q. (3.15) to prove formula (4.8) . �

emark 4.1. Note that when λ = 0 , the early exercising is never 

ptimal for the uncapped option. It turns out that D 1 = D 2 = ∞
nd therefore the first case of Theorem 4.2 holds. 

We present below the analogue of the Corollary 3.1 for the per- 

etual capped call. 

orollary 4.1. When T = ∞ , the early exercise boundary is the line 

 = L ∧ D 2 . If the initial asset price is below it, S 0 < C, the option

rice is 

 = ( c − K ) 

(
c 

x 

)−γ

, (4.10) 

here γ is given by Eq. (4.1) . If S 0 ≥ C, then the option price is F =
 0 − K. 

To implement Theorem 4.2 we can use a similar to the pre- 

ented in Section 3.2 finite difference approach. The corresponding 

DE turns to 

 t ( t, x ) + rx F x ( t, x ) + 

1 
2 
σ 2 x 2 F xx ( t, x ) − rF ( t, x ) = 0 

 

(
t , c A ( t ) 

)
= exp ( −λt ) 

(
c A ( t ) − K 

)
, t ∈ [ 0 , T ] 

 ( 0 , x ) = 0 , t ∈ [ 0 , T ] 

 ( T , x ) = exp ( −λT ) ( x − K ) 
+ 
, 0 ≤ x < c ( T ) . 

(4.11) 

he equation is satisfied in the strip ( 0 , T ) × ( 0 , c ( t ) ) and the 

oundary constraints are imposed on the lower, upper, and right 

oundaries. In the call case we do not need to use a Monte Carlo 

odification since the state space is closed at both sides. On the 

ther hand if the strike or the exercise boundary are large the 

onte Carlo modification can be very helpful. We have to change 

nly the boundary constraints in the presented in Section 3.2 algo- 

ithm to obtain the prices of the American uncapped call options. 

heorem 4.2 consists again from three parts – (A) the option can 

e an ordinary American call and thus it can be priced by the pre- 

ented above Crank–Nicolson finite difference method, (B) the op- 

imal boundary may coincide with the cap and hence the closed 

orm formula is available, or (C) the capped option price can be 

iven by Eq. (4.8) – in this case we can use the approach presented 

n Section 3.3 to evaluate numerically the integral. 
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Fig. 3. Call capped options. 
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The typical forms of the early exercise boundary of the Ameri- 

an capped call options can be seen in Fig. 3 a and 3 a. The used pa-

ameters are r = 0 . 02 , σ = 0 . 3 , K = 20 , T = 1 , and L = 35 . At Fig. 3 a

e present the optimal boundary assuming that the additional dis- 

ount factor is λ = 0 . 04 . The initial value is D 1 = 30 , whereas the

erpetual one is D 2 = 62 . 9719 . The critical value for the rime to

aturity is τ ∗ = 0 . 4437 and it is marked by a red point. For Fig. 3 b

e use a value λ = 0 . 08 , which leads to the corresponding ter-
11 
inal levels D 1 = 25 , D 2 = 45 . 1842 , and τ ∗ = 1 . 1569 . Since τ ∗ > T ,

he capped and uncapped options coincide. 

A reasonable hypothesis is that the speed of the convergence 

f the optimal boundary to the perpetual level is larger for the 

arger values of the discount factor λ. To confirm this we con- 

ider λ ∈ ( 0 . 1 , 1 ) . The short maturity behavior – τ ∈ ( 0 , 3 ) – for 

he uncapped and capped options is presented in Fig. 3 c and 3 d,

espectively. We mark again by red points the values at which the 
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Fig. 4. Call option prices. 
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ncapped boundary rises above the cap L . At Fig. 3 d and 3 f we

resent the boundary surface for the longer maturities τ ∈ ( 0 , 20 ) . 

he perpetual values calculated by Corollary 4.1 are plotted by 

reen points. We can see that the optimal boundaries are relatively 

lose to them for τ = 20 . Hence, the boundaries really converge 

aster for the larger discount factors. 

We present the behavior of the option prices at Fig. 4 . The ini-

ial asset price is assumed to be S 0 = 23 , whereas the cap level
12 
s L = 27 . Fig. 4 a, 4 c, and 4 e illustrate the short time range –

∈ ( 0 , 3 ) . The discount factor is varied among λ ∈ ( 0 . 01 , 1 ) . We 

gain mark by red and yellow points the critical values λ1 and λ2 , 

espectively, at which the capped option changes its features. More 

recisely, if λ ≤ λ1 , then the optimal boundary of the capped op- 

ion coincides by the cap L . Hence its price is calculated trough 

ormula (4.7) . We use formula (4.8) when λ ∈ ( λ1 , λ2 ) . If the dis- 

ount factor is large enough, λ ≥ λ2 , both options coincide. Note 
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Table 2 

Call option prices. 

λ = 0 American L = 21 L = 24 L = 27 L = 30 L = 33 

τ = 0 . 5 1.7824 0.8070/1 1.6730/1 1.7692/1 1.7797/1 1.7817/1 

τ = 1 2.5643 0.8572/1 2.1342/1 2.4622/1 2.5351/1 2.5537/1 

τ = 2 3.7006 0.8928/1 2.5376/1 3.2320/1 3.5036/1 3.6097/1 

τ = 3 4.5886 0.9083/1 2.7320/1 3.6597/1 4.1130/1 4.3331/1 

λ = 0 . 02 American L = 21 L = 24 L = 27 L = 30 L = 33 

τ = 0 . 5 1.7644 0.8057/1 1.6640/1 1.7552/1 1.7633/1 1.7644/1 

τ = 1 2.5134 0.8551/1 2.1174/1 2.4323/1 2.4964/1 2.5095/1 

τ = 2 3.5577 0.8897/1 2.5084/1 3.1744/1 3.4229/1 3.5112/1 

τ = 3 4.3315 0.9045/1 2.6930/1 3.5787/1 3.9948/1 4.1841/1 

λ = 0 . 04 American L = 21 L = 24 L = 27 L = 30 L = 33 

τ = 0 . 5 1.7472 0.8044/1 1.6551/1 1.7413/1 1.7470/1 1.7472/2 

τ = 1 2.4666 0.8531/1 2.1008/1 2.4030/1 2.4584/1 2.4661/2 

τ = 2 3.4380 0.8867/1 2.4798/1 3.1183/1 3.3445/1 3.4157/2 

τ = 3 4.1287 0.9008/1 2.6551/1 3.5004/1 3.8810/1 4.0414/2 

λ = 0 . 06 American L = 21 L = 24 L = 27 L = 30 L = 33 

τ = 0 . 5 1.7310 0.8030/1 1.6463/1 1.7275/2 1.7310/2 1.7310/3 

τ = 1 2.4252 0.8511/1 2.0843/1 2.3739/2 2.4211/2 2.4252/2 

τ = 2 3.3350 0.8837/1 2.4518/1 3.0635/2 3.2684/2 3.3244/2 

τ = 3 3.9569 0.8971/1 2.6183/1 3.4246/2 3.7716/2 3.9055/2 

λ = 0 . 08 American L = 21 L = 24 L = 27 L = 30 L = 33 

τ = 0 . 5 1.7161 0.8017/1 1.6375/1 1.7139/2 1.7161/2 1.7161/3 

τ = 1 2.3874 0.8491/1 2.0681/1 2.3454/2 2.3853/2 2.3874/2 

τ = 2 3.2419 0.8808/1 2.4243/1 3.0101/2 3.1948/2 3.2376/2 

τ = 3 3.8044 0.8936/1 2.5825/1 3.3513/2 3.6666/2 3.7762/2 

λ = 0 . 1 American L = 21 L = 24 L = 27 L = 30 L = 33 

τ = 0 . 5 1.7021 0.8004/1 1.6288/1 1.7006/2 1.7021/2 1.7021/3 

τ = 1 2.3518 0.8471/1 2.0520/1 2.3175/2 2.3510/2 2.3518/2 

τ = 2 3.1562 0.8780/1 2.3974/1 2.9581/2 3.1237/2 3.1549/2 

τ = 3 3.6667 0.8901/1 2.5476/1 3.2805/2 3.5657/2 3.6530/2 

t

λ

O  

τ  

fi

 

p

τ

d

c

t

C

c

λ  

m

W  

W

hat λ1 is just the discount value which leads to D 1 = L , i.e. 

1 = 

rK 

L − K 

. (4.12) 

ur parameters lead to λ1 = 0 . 0571 . Let us mention again that if

= 0 then both critical values coincide – Fig. 4 a, 4 c, and 4 e con-

rm this. 

The Fig. 4 b, 4 d, and 4 f presents the uncapped and capped

rices and the corresponding premium for capping assuming that 

∈ ( 0 , 20 ) . Differently for the short maturity case, we consider 
Fig. 5. Accuracy

13 
iscount factors larger than 0.1 – λ ∈ ( 0 . 1 , 1 ) . In such a way we 

onfirm again that for larger discount values the convergence to 

he perpetual levels is faster. They are calculated by the use of 

orollary 4.1 and are marked by green. We do not show the first 

ritical value for the discount factor since it is out of our interval, 

1 ≡ 0 . 0571 < 0 . 1 . The second critical values which exceed 0.1 are

arked by yellow. 

Some particular call option prices are presented in Table 2 . 

e assume again that the option is at-the-money, i.e. S 0 ≡ K = 20 .

e vary the cap value among L ∈ { 21 , 24 , 27 , 30 , 33 } , the time 
 results. 
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o maturity among { 0 . 5 , 1 , 2 , 3 } , and the discount rate among 

 

0 , 0 . 02 , 0 . 04 , 0 . 06 , 0 . 08 , 0 . 1 } . Note that early exercising of an 

ncapped American option is never optimal prematurely when λ = 

 . Thus it turns to a European one. Accordingly, we use the Black–

choles formula to derive the prices presented in the first column 

f the first section of Table 2 . Let us mention that the algorithm

or call pricing do not involve a preliminary calculation of the op- 

ion prices at the upper boundary. For this we use a very precise 

rid considering M = 20 0 0 0 and N = 5 0 0 0 . Right to the corre-

ponding option price we place the case of Theorem 4.2 which is 

ctual. 

Finally, we present one more numerical experiment related to 

he algorithm acuracy and the convergence speed. The reported re- 

ults are performed by the use of MATLAB with Intel i7-10510U 

4.9G)/ 16GB RAM/ 10 0 0GB SSD. We compare the presented above 

rank–Nicolson method with one in which the American option 

rices are calculated via the explicit finite difference approach 

dopted in Zaevski [27] . The following parameters are used –

 = 0 . 02 , σ = 0 . 03 , λ = 0 . 04 , K = 20 , L = 33 , and S 0 = 30 . As we

entioned above the algorithm with M = 20 0 0 0 and N = 5 0 0 0

teps produces results very closed to the real prices – 10.2518 

nd 10.3057 for the capped and uncapped options. We vary the 

umber of the state steps for the explicit method between N ∈ 

 

10 , 1 0 0 0 ] . We choose the number of the time steps M 

ex ( N ) as 

he lowest value satisfying the stability condition (3.19) which now 

urns to m 

n 2 
< 

1 
138 . 7326 . Thus M 

ex ( N ) increases from 9 to 90 0 0 0 . The

ighest value of N is chosen as 1 0 0 0 because it leads to the Amer-

can price close to the real value 10.3057. For every value of N we 

btain the lowest value of M – we denote it by M 

CN ( N ) – which 

akes the American option price produced by the Crank–Nicolson 

ethod better than the corresponding price derived trough the 

xplicit algorithm. It turns out that only M 

CN ( 10 0 0 ) = 28 instead 

 

ex ( 10 0 0 ) = 90 0 0 0 steps are enough for the Crank–Nicolson 

ethod to produce a result very closed to the real option price. 

he same conclusion is true for the capped options too. All results 

re presented in Fig. 5 a and 5 b. The first one is for the time steps

nd the second one is for the corresponding times. 

. Conclusions 

We have examined in this paper the discounted American 

apped options. The theorems for the form of the optimal regions 

ave been obtained. It turns out that the early exercise boundary 

or the put/call capped option is the maximum/minimum between 

he boundary of the corresponding uncapped option and the cap 

alue. The formulas for the option prices have been developed. 

here exist three possible cases – (A) the capped option price may 

oincide with the corresponding uncapped one, (B) the optimal 

oundary of the capped option may coincide with the cap value 

nd thus the pricing problem turns to a first hitting problem, and 

C) a mixture between the previous two cases. We have derived 

 closed form formula in case (B). We have presented a Crank–

icolson finite difference approach for deriving the price of the 

merican uncapped options. Using it we price the related capped 

ption when cases (A) or (C) are actual. At last but not least this 

umerical method allows us to calculate jointly both of capped and 

ncapped option prices and the related premium for capping. This 

educes significantly the computational time. 
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ppendix A. Some propositions 

Let b ( t ) = b 1 t + b 2 be a linear function starting at a positive

oint, b 2 > 0 . The following propositions hold. 

roposition A.1. We have for θ > 0 

 ( T , θ ; b 1 , b 2 ) = E 
[
e −θτ I τ≤T 

]
= e 

b 2 

(√ 

b 2 
1 
+2 θ−b 1 

)
g 

(
T ;

√ 

b 2 
1 

+ 2 θ, b 2 

)
,

(A.1) 

here the function g ( ·) is given in Eq. (3.13) . 

roof. The proposition is proven as Theorem 3.1 from Zaevski 

45] . �

roposition A.2. For all z such that z < b ( T ) the following statement 

olds 

 

[
e θB T I B T >z,τ>T 

]
= V ( θ, z, T ; b 1 , b 2 ) , (A.2) 

here the function V ( ·) is given again in Eq. (3.13) . 

roof. The proposition is proven as Theorem 3.2 from Zaevski 

45] . �

roposition A.3. For all z and t such that z < b ( t ) the following 

tatement holds 

 ( B t < y, τ > t ) = 

∫ y 

−∞ 

f ( t, u ) du , (A.3) 

here the function f ( ·) is given in Eq. (3.14) . 

roof. This statement can be found as Eq. (3.7) from Zaevski 

45] . �
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